Abstract. We calculate the reduced density matrix of a block of integer spin-S's in a q-deformed valence-bond-solid (VBS) state. This matrix is diagonalized exactly for an infinitely long block in an infinitely long chain. We construct an effective Hamiltonian with the same spectrum as the logarithm of the density matrix. We also derive analytic expressions for the von Neumann and Rényi entanglement entropies. For blocks of finite length, we calculate the eigenvalues of the reduced density matrix by perturbation theory and numerical diagonalization. These results enable us to describe the effects of finite-size corrections on the entanglement spectrum and entropy in this generalized VBS model.
Introduction
We study entanglement in a one-dimensional q-deformed valence-bond-solid (VBS) state with a spin-S at each site. This state, which we denote as VBS q (S), is invariant under the action of the generators of the SU q (2) quantum algebra [1, 2] . Historically, this algebra featured prominently in the analysis of the quantum sine-Gordon model [3] and the anisotropic XXZ Heisenberg chain [4] . Here we use this formalism to introduce anisotropy into a spin-S VBS state by deforming the usual underlying SU(2) symmetry. In a previous analysis of the S = 1 VBS q (S) state we used transfer matrix techniques to calculate the entanglement spectrum and entropy as functions of the parameter q [5] . This investigation and the current one are motivated by two fundamental problems. The first is to quantify the effects of anisotropy on the entanglement in VBS states [5] [6] [7] [8] [9] . Second, we aim to develop effective thermal models [10] that have the same spectrum as the density matrix of a subsystem of a VBS state. This last objective is motivated by our discovery [5] that the deformation parameter q may be interpreted as the temperature of effective models describing the interaction of degrees of freedom on the boundary of the subsystem.
The undeformed VBS state is the ground state of the SU(2) symmetric onedimensional Affleck-Kennedy-Lieb-Tasaki (AKLT) model [11, 12] . This model has nearest-neighbour interactions between integer spin-S's. It is described by a Hamiltonian of the form H = i h i,i+1 . The local Hamiltonian h i,i+1 is a projector onto the subspace spanned by the (S + 1), (S + 2), . . ., and 2S-multiplets formed by spins at sites i and i + 1 [11] [12] [13] . Exact results for the block entanglement entropy for the S = 1 VBS state were obtained in [14, 15] and for arbitrary integer S in [16, 17] . Generalized VBS states with other symmetries, such as SU(N ) [18] [19] [20] , SO(N ) [21, 22] , Sp(N ) [23] , and supersymmetry (SUSY) [24, 25] have also been considered. Entanglement in the SU(N ) [26, 27] and SO(N ) [28] symmetric VBS state has been studied, but not in the Sp(N ) and SUSY cases. Since these VBS states have matrix product state (MPS) representations [29] [30] [31] [32] [33] , one can obtain the block entanglement in these systems by general transfer matrix techniques [5] .
The anisotropic q-deformed generalization of the spin-1 AKLT chain was first considered in [30, 31, 34] . The MPS representation of the ground state of the model was constructed in [30] . This ground state is separated from excited states by a gap [31] . Hence, the spin-spin correlation functions decay exponentially [30, 31] . The exact entanglement spectrum of blocks of arbitrary length in the spin-1 VBS q (S) state was calculated in [5] . The higher integer spin generalization of the q-deformed AKLT model was first proposed in [35, 36] , where the spin-spin correlation functions were calculated. To our knowledge, the entanglement spectrum and entropies of VBS q (S) states for arbitrary integer S have not yet been evaluated.
In this paper, we calculate the entanglement spectrum and entropies of q-deformed VBS states with arbitrary integer S. Our analytical approach involves transfer matrix methods and the use of q-deformed Clebsch-Gordan coefficients and 6j symbols. We begin by constructing the VBS q (S) state by requiring it to be a ground state of a qdeformed spin-S AKLT Hamiltonian. We shall denote this ground state by the state vector |VBS q (S) . This state is then partitioned into a block of ℓ sequential spins and the environment E. The density matrix of the whole ground state is therefore ρ = |VBS q (S) VBS q (S)|/ VBS q (S)|VBS q (S) . We then compute the reduced density matrix ρ ℓ of the block by taking the partial trace of ρ over the environment, ρ ℓ = tr E ρ. The details of these derivations are provided in section 2.
In the double scaling limit of an infinitely long block in an infinitely long chain, we are able to exactly diagonalize the reduced density matrix (section 3.1). We then use the eigenvalues of this matrix to construct the entanglement spectrum of the block (section 3.2). This entanglement spectrum (introduced in [10] ) enables us to construct an effective Hamiltonian that completely describes the reduced density matrix. The eigenvalues of the reduced density matrix are further used to calculate the Rényi and von Neumann entanglement entropies
We thus provide exact measures of entanglement [37] [38] [39] [40] in the |VBS q (S) ground state as functions of the deformation parameter q and spin S.
We further consider the case of blocks of finite length. We obtain the exact eigenvalues of the reduced density matrix in the isotropic case q = 1. With this result, we calculate the leading order finite-size corrections to the entanglement spectrum and entropies (section 4.1). For a general q-deformation, we estimate the eigenvalues of the reduced density matrix in the limit of long but finite blocks by perturbation theory (section 4.2). Furthermore, we numerically investigate the properties of the reduced density matrix of the spin-2 VBS q (S) state. This result allows us to make general statements about the structure and degeneracy of the entanglement spectrum for blocks of any length.
Model and definitions

Quantum algebra
Let us denote states of a spin-S at site i by |S, m i . Here m ∈ {−S, −S + 1, . . . , S} is the magnetic quantum number denoting the z-component of the spin. The label S of the state |S, m i is invariant under the action of q-deformed angular momentum operators satisfying the SU q (2) quantum group algebra [2] [J
This algebra has two different unitary representations for positive real q and complex q on the unit circle [41] . In this paper we will consider the former case where q ∈ R + . The resulting algebra is invariant under the transformation q → q −1 so that we consider further q ∈ (0, 1]. The usual SU(2) algebra is recovered at the isotropic point q = 1, while full deformation occurs in the limit q → 0. The q-number [n] will be used extensively below.
The analogue of total angular momentum, J tot = J 1 + J 2 is realized at the level of operators through the definition of the coproduct
The operators J z,± tot satisfy the quantum group algebra (3). A (2J + 1)-dimensional irreducible representation of J tot is therefore spanned by the states
up to a phase [41] [42] [43] .
The q-CG coefficients are components of a unitary matrix (a change of basis matrix) and may be chosen to be real. These coefficients vanish if the triangle relation |j 1 − j 2 | ≤ J ≤ j 1 + j 2 and selection rule m 1 + m 2 = m are not satisfied (angular momentum conservation). Throughout this paper, the summation indices m i (lower row of q-CG symbols) are understood to run over all values compatible with the corresponding quantum number j i (upper row of q-CG symbols). For example, in (6) we sum over m i ∈ {−j i , −j i + 1, . . . , j i }. Some identities involving the q-CG coefficients that we use in the following derivations are collected in Appendix A. 
Matrix product representation
Some of the objects we describe here are conveniently represented as diagrams (figure 1). The manipulation of these diagrams has been useful in the study of entanglement and correlation functions in matrix product states [27, 44] . Let us now write down the MPS representation of the VBS q (S) state. For a periodic chain of L spins we have
where g i are (S + 1) × (S + 1) matrices. The trace here is done over the auxiliary matrix space. The elements of g i and its dualḡ i are state vectors:
The |VBS q (S) state (9) is annihilated by the q-deformed AKLT Hamiltonian (periodic boundary conditions)
where Π s (i, i + 1) is a projector onto the subspace spanned by the q-deformed smultiplet formed by spins at i and i + 1. To prove this, we look at the overlap between the two states (19) . In these diagrams internal lowercase indices are summed over.
Since the states {|j, m i } are orthonormal to each other, we obtain
Using an identity (B.2) derived in Appendix B yields
The elements F q [DBJC; N K] of the q-deformed F -matrix are defined diagrammatically in figure 2 . The q-CG coefficient in the overlap (16) vanishes when J >
proving that h i,i+1 |VBS q (S) = 0. Furthermore, h i,i+1 has nonnegative eigenvalues because it is a sum of projectors. Thus, |VBS q (S) is a ground state of the Hamiltonian (12).
Transfer matrix
We now construct a transfer matrix G that is defined in terms of g andḡ by
This transfer matrix is an important object that appears in the calculation of correlation functions and the reduced density matrix of MPS. Let us diagonalize this matrix through an approach based on the q-deformed F -matrix (Appendix B). As depicted in figure 2 , we construct the eigenvalue equation (G) aa ′ ;bb ′ e bb ′ = λe aa ′ using the q-CG coefficients as an ansatz for the elements of the eigenvector e aa ′ . The resulting equation is
Transposing columns in the third q-CG coefficient in order to match the identity (B.2) leads to
We see that the elements of the eigenvectors of G are e aa ′ = (e jm ) aa ′ = S/2 a j m S/2 a ′ q
. A suitable similarity transformation on G gives the orthonormal set of eigenvectors
To obtain this set we transposed the middle and last rows of (e jm ) aa ′ and considered the orthogonality relation (A.2). The eigenvalues associated with these eigenvectors are
where the q-deformed 6j symbol in the second line is defined in (B.4). The eigenvalue λ j is (2j + 1)-fold degenerate and 0 ≤ j ≤ S. The absolute value of λ j decreases with increasing j. These expressions match the results of [35, 36] (except for a multiplicative constant).
Reduced Density Matrix
In this subsection we calculate the reduced density matrix ρ ℓ of ℓ sequential spins in a chain of infinite length L → ∞. Using the formalism developed in [5] for matrix product states, we obtain
Integer powers of the transfer matrix G may be written as
where P j is a projection matrix onto the subspace spanned by the eigenvectorsê jm of G. Since the dominant (largest magnitude) eigenvalue of G is λ j=0 , large integer powers of G simplify to G n → λ n 0 P 0 as n → ∞. Thus, in the limit of infinite chains L → ∞ the reduced density matrix (23) simplifies to
Constructing the projectors P j from the eigenvectors of G yields
where the projector P 0 is simplified by the explicit formula [41]
We can further express the reduced density matrix as a sum of tensor products by defining the (S + 1) × (S + 1) matrix
The Kronecker delta here enforces the triangle relation. Finally, making the necessary substitutions gives
3. Double scaling limit
Eigenvalues of reduced density matrix
In the double scaling limit, we consider infinitely long blocks and take ℓ → ∞. The reduced density matrix ρ ℓ (29) simplifies to a tensor product of diagonal matrices ρ ∞ = Q 00 ⊗ Q 00 . Explicitly, we have:
Remembering that −S/2 ≤ a, b, c, d ≤ S/2, with integer steps, we arrive at the final expression for the reduced density matrix,
From this expression we can compute all eigenvalues of ρ ∞ . For example, in the case of a q-deformed spin-2 VBS state we have
The nine eigenvalues of this matrix are proportional to {q 2 , q, q, 1, 1, 1, q −1 , q −1 , q −2 }.
Entanglement spectrum and entropy
We now write ρ ∞ = e −βHe / tr e −βHe , where H e is an effective Hamiltonian and 1/β an effective temperature. The eigenvalues of the Hamiltonian H e constitute the entanglement spectrum of the block [10] . The tensor product form of ρ ∞ (31) yields the simple paramagnetic model
Here h is the magnitude of an effective magnetic field along the z-axis, while S i are spin-S/2 operators of the undeformed SU(2) algebra. We can thus identify |ln q| as the ratio h/T e between the magnitude of the magnetic field and effective temperature T e . We observe that the spectrum of H
e consists of S +1 equidistant energy levels. Thus, in the limit S → ∞ the entanglement spectrum of the block is equal to the energy spectrum of two harmonic oscillators with frequency ω (with an S-dependent energy shift). This frequency is related to the deformation parameter through |ln q| = ω/T e .
In this effective picture, the isotropic case q = 1 corresponds to infinite temperature or zero field strength. The block is therefore maximally mixed. The reduced density matrix ρ ∞ has (S + 1) 2 nonzero identical eigenvalues. In the opposite limit q → 0 + the effective model corresponds to zero temperature or infinite field magnitude. Hence, the block is in a pure state with zero entanglement.
We use the eigenvalues of the reduced density matrix (31) to compute the Rényi entropy
This is an exact expression in the double scaling limit (infinite block). Taking the limit α → 1 gives the von Neumann entropy
In order to recover previous results for the spin-1 case [5] , we have to rescale q → q 2 in (35) and (36) . This transformation is necessary because of the different definition (3) used here for the deformation parameter q. These entanglement entropies are graphed in figure 3 as functions of the parameter q for the cases S = 2, 10. At the isotropic point q = 1, the entanglement entropies simplify to
We thus recover previous results [16, 17] for isotropic spin-S VBS states. In the limit of full deformation q → 0 + the entanglement entropy for any spin S vanishes. Finally, let us consider the case of very high spin at fixed 0 < q < 1. Taking the limit S → ∞ in (35) and (36) gives
We find that the entanglement entropy is bounded for any q-deformed AKLT chain of arbitrary spin S. It diverges only at the isotropic point q = 1.
Finite-size corrections
We now look at the case of finite blocks in an infinite chain. The reduced density matrix (29) of a block of ℓ spins may be written as
Let us express this matrix in the basis of the following vectors:
with corresponding dual
This choice of basis allows us to use identity (B.2) and get
We find that the reduced density matrix can be decomposed into sectors labelled by the quantum number M ∈ [−S, S]. Each sector is represented by an (S + 1 − |M |) × (S +1−|M |) matrix. These matrices are diagonal in the {v JM } basis only when q = 1. We treat this isotropic case analytically in section 4.1. For the general case 0 < q < 1, we calculate the eigenvalues of ρ ℓ using first-order perturbation theory and compare this approximation with numerical results in section 4.2.
Isotropic case
When q = 1, using the orthogonality condition (A.2) in (43) yields the exact (2J + 1)-fold degenerate eigenvalues
. (45) with 0 ≤ J ≤ S and M ∈ {−J, −J + 1, . . . , J}. For instance, taking S = 2 gives the exact eigenvalues
The formula (45) reproduces the results of [16, 17] for undeformed spin-S AKLT chains obtained from the Schwinger boson representation of the VBS state. Our approach, however, emphasizes the role of 6j symbols in determining finite-size effects on entanglement in these states. Additionally, this result solves a recursive formula in [16, 17] for the coefficients in the sums for the eigenvalues p JM . The leading finite-size correction to the eigenvalue p JM is proportional to the exponential factor (λ 1 /λ 0 ) ℓ ≡ (−1) ℓ e −ℓ/ξ . Using the formula
gives the characteristic length of decay ξ = 1/ ln (S + 2)/S . This length is equal to the correlation length of the spin-spin correlation functions in the spin-S VBS state [36] . Let us construct an effective Hamiltonian for long blocks 1 ≪ ℓ < ∞ in the isotropic case. Considering only the leading-order correction to the eigenvalues (45) gives
Since the reduced density matrix is diagonal in the {v JM } basis, we can write the effective Hamiltonian H e as −βH e ≈ ln 1 − 3 S(S + 2)
This expression is valid for 3S ℓ (S + 2) −ℓ ≪ 1. If we define an undeformed spin-S operator J ≡ S 1 + S ℓ as the sum of two spin-S 2 operators S 1 and S ℓ on the block boundaries, we obtain the Heisenberg model
We can identify T e = 1/γ(S, ℓ) as an effective temperature that depends on the length of the block. The double scaling limit ℓ → ∞ therefore corresponds to a maximally mixed state (infinite temperature). In this interpretation, we observe that the sign of the coupling strength changes with block length (alternation between ferromagnetic and antiferromagnetic interactions). This implies that the dominant eigenvalue of the reduced density matrix alternates between the p 00 singlet (even ℓ) and p SM multiplet (odd ℓ).
Let us now consider the entanglement entropy of a block consisting of a single spin (ℓ = 1) for the case q = 1. The eigenvalues of the reduced density matrix may be written as
Making use of the identity (49) and
gives the desired result
Thus, the single-site reduced density matrix has (2S +1) nonzero identical eigenvalues. This result proves that the block is a uniform mixture of the (2S + 1) states of a single spin-S as expected. The entanglement entropy in this case is S R (α) = S vN = ln(2S + 1). For long blocks satisfying ℓ ≫ ξ, the leading nonvanishing correction to the entanglement entropy is proportional to (λ 1 /λ 0 ) 2ℓ . The approximate Rényi entropy in this case is
Finite-size corrections to the von Neumann entropy can be obtained from this result by taking the limit α → 1.
Anisotropic case
For arbitrary values of q, the dominant characteristic length of finite-size corrections
For blocks of length ℓ ≫ ξ, we may therefore approximate the reduced density matrix as
We have already determined that Q 00 is diagonal with nondegenerate eigenvalues (28) . This means that first-order perturbation theory within each sector of the preceding equation involves only the diagonal elements of Q 1m . From (28) we know that only Q 10 has nonzero diagonal elements and hence we obtain the approximate eigenvalues
The labels µ and ν are quantum numbers that run from − S 2 to S 2 with integer steps. The second term in (59) involving the q-CG coefficients may be evaluated explicitly with the identity [41] S 2 µ 1 0 These approximate eigenvalues are compared to exact numerical results for the spin-2 case in figure 4. We observe a rapid improvement in the accuracy of the perturbation result with increasing block length ℓ. Furthermore, these numerical results reveal how q-deformation modifies the degeneracy of the entanglement spectrum by breaking the multiplet structure present in the isotropic case.
Conclusions
We exactly calculated the reduced density matrix of q-deformed VBS states with arbitrary integer spin-S in the double scaling limit. We discovered that the entanglement spectrum corresponds to a thermal ensemble of two spin-S/2's in a uniform magnetic field h. The deformation parameter q enters this picture as the effective field divided by the temperature |ln q| = h/T e . In this infinite block limit, we also derived exact expressions for the Rényi and von Neumann entropies as functions of the deformation parameter q and spin S. We used this result to demonstrate that entanglement in a VBS q (S) state is monotonically reduced by increasing anisotropy.
Furthermore, we obtained the exact reduced density matrix of finite blocks in an infinite chain. We diagonalized this matrix for the isotropic case q = 1 and obtained its exact spectrum in terms of 6j symbols. We found that degenerate eigenvalues of the reduced density matrix are grouped into multiplets. For long but finite blocks, we constructed an approximate effective Hamiltonian in the undeformed case. This effective model consists of two spin-S/2's with a Heisenberg interaction. The coupling parameter of this Heisenberg Hamiltonian alternates between ferromagnetic and antiferromagnetic depending on the parity of ℓ.
We also studied the general case of arbitrary deformation q and block length ℓ.
We made approximations for the eigenvalues of the reduced density matrix of long blocks using first-order perturbation theory. Finally, we numerically investigated the spectrum of the reduced density matrix of finite blocks in a deformed spin-2 VBS q (S) state. In this case we discovered that q-deformation partially breaks the degeneracy of eigenvalues within each multiplet. We have mentioned in the introduction that generalized VBS states have been constructed with various symmetries. The dimension of the MPS representation of these states depends on the particular representation chosen for the given symmetry group. Let us consider a D × D MPS. On general grounds one can state that the rank of the reduced density matrix is less than or equal to D 2 regardless of the number of spins in the block [5] . Thus, the entanglement entropy is always bounded according to S ≤ 2 ln D. For example, the isotropic SU(N ) VBS state is described by an N × N g matrix. This entropy bound is saturated in the double scaling limit where it is known that the entanglement entropy is S = 2 ln N [16, 17] . In this case, we expect anisotropy by q-deformation to reduce entanglement entropy in the SU(N ) VBS state as we proved here (figure 3). 
